7. prednaska

$$ \xdef\scal#1#2{\langle #1, #2 \rangle} \xdef\norm# 1 {\left\IVert #1 \right\rVert}
\xdef\dist{\rho} \xdefland {\&}\xdef\AND {\quad \and \quad}\xdef\brackets#1{\left\{ #1 \right\} }
\xdef\parc#1#2{\frac {\partial #1}{\partial #2}} \xdef\mtr#1{\begin{pmatrix}#1l\end{pmatrix}}
\xdef\bm#1{\boldsymbol{#1}} \xdef\mcal#1{\mathcal{#1}}
\xdef\vv#1{\mathbf{#1}}\xdef\vwvp#1{\pmb{#1}} \xdef\ve{\varepsilon} \xdef\l{\lambda}
\xdef\th{\vartheta} \xdef\a{\alpha} \xdef\vf{\varphi} \xdef\Tagged#1{(\text{#1})}
\xdef\tagged*#1 {\text{#1}} \xdef\tagEqHere#1#2 {\href{#2\#eq-#1} {(\text{#1})}}
\xdef\tagDeHere#1#2 {\href{#2\#de-#1} {\text{#1}}} \xdef\tageq#1{\href{\#eq-
#1}{(\text{#1})}} \xdef\tagDe#1{\href{\#de-#1} {\text{#1}}} \xdef\T#1 {\htmlld{eqg-
#1}{#1}} \xdeAD#1{\htmlld{de-#1}{\vv{#1}}} \xdef\conv#1{\mathrm{conv}\, #1}
\xdef\cone#1{\mathrm{cone}\, #1} \xdef\aff#1{\mathrm{aff}\, #1} \xdef\lin#1{\mathrm{Lin}\,
#1} \xdefispan#1{\mathrm{span}\, #1} \xdef\O{\mathcal O} \xdef\ri#1{\mathrm{ri}\, #1}
\xdef\rd#1{\mathrm{r}\partial\, #1} \xdef\interior#1{\mathrm{int}\, #1} \xdef\proj{\Pi}
\xdef\epi#1l{\mathrm{epi}\, #1} \xdef\grad#1{\mathrm{grad}\, #1}
\xdef\gradT#1{\mathrm{grad}~T #1} \xdef\gradx#1{\mathrm{grad} x #1}
\xdef\hess#1{\nabla”2\, #1} \xdef\hessx#1{\nabla™2 x #1} \xdef\jacobx#1{D x #1}
\xdef\jacob#1{D #1} \xdef\subdif#1{\partial #1} \xdef\co#1{\mathrm{co}\, #1}

\xdef\iter#1{"~ {[#1]}} \xdef\str{~*} \xdef\spv{\mcal V} \xdef\civ{\mcal U}
\xdefl\other#1{\hat{#1}} \xdef\xx{\vv x} \xdeflyy{\vv y} $$

Teorie uzitecnosti

Necht $\mcal U$ je mnozina udalosti, ktera je serfazena podle toho, jak jsou pro nas uzitecné.
Mnozinu $\mcal U$ rozsifime o konvexni kombinace $$r 1 A 1 +\dots + r n A n, $$ kde $A 1,
\dots, A_n\in\mcal U$ a $r_1, \dots, r n\geq 0% s $r_ 1 + \dots + r n = 1%.

Relace $A \prec B$ znamend, Zze $B$ uprednostiuji pred $A$. $A \parallel B$ znamend, Zze zddnou
udalost neuprednostniuji.

Axiomy teorie uziteCnosti $\D{AXT}$

e $\forall A,B$ nastane pravé jedna moznost $$A \succ B, A \prec B, A \parallel B
\tag{\T{U1}}$$

e $(\T{U2})$: $\parallel$ je relace ekvivalence

e $(\T{U3})$: je tranzitivni

e $(\T{U4})$: $A \prec B \parallel C\implies A \prec C$ a $A \parallel B \prec C \implies A
\prec C$

e $(\T{U5})$: $1 \cdot A + 0 \cdot B = A%



e $(\T{U6})$: $r 1A 1 +\dots+r nA n=r_{\sigma_1} A {\sigma 1} + \dots +r_{
\sigma_n} A { \sigma_n}$ pro libovolnou permutaci $\sigma \in S(n)$

e S(\T{U7})$: $rA + (1-r)(sB + (1-s)C) = rA + (1-r)sB + (1-r)(1-s)C$

e $(\T{U8})%$: $rA + (1-r)A = A$

e $(\T{U9})$: $A \parallel C$ a vezmeme $r\in [0,1], B \in \mcal U \implies rA + (1-r)B
\parallel rC + (1-r)B$

e $(\T{U10})$: $A \prec C, r > 0, B \in \mcal U \implies rA + (1-r)B \prec rC + (1-r)B$

e $(\T{U11})$: $A \prec B \prec C \implies \exists r\in [0,1] : rA + (1-r)C \parallel B$

Véta $\D{TEU}$

Existuje $u : \mcal U \to \R$ tak, Zze pro $$ \forall A,B \in \mcal U, r\in [0,1]: \quad u(A) < u(B) \iff A
\prec B $$ a navic plati

e $uU(rA + (1-r)B) = ru(A) + (1-r)u(B)$
e je-li $v$ jina takova funkce, pak plati
$$(\forall A\in \mcal U): \quad v(A) = \alpha u(A) + \beta,$$ kde $\alpha > 0, \beta \in \R$

Lemma $\D{TUL}$

Pokud $B \prec A$ a mame $0 \leq s \leq r \leq 1%, pak

1. $$sA + (1-s)B \preceq rA + (1-r) B$$
2. $$B \prec C \prec A, r\in (0,1) : \quad r A + (1-r) B \parallel C,$$ pak $r$ je urceno
jednoznacné

DUkaz $\tagDe{TUL}$

1. $$ sA + (1-s)\left(\frac {r-s} {1-s} A + \frac {1-r}{1-s} B\right) =" {\tagEq{U7}} \ A (r-
s)A + (1-r) B ="{\tageq{U7}} \ nleft(\frac s r A + \frac {r-s} r A\right) + (1-r) B
="~ {\tageq{U8}} rA + (1-r) B $$ a podle $\tagEq{U8}$ plati
$$ B = \frac {r-s} {1-s} B + \frac {1-r} {1 s} B \prec™{\tageq{U10}} \frac {r-s} {1-s} A
+ \frac {1-r} {1-s} $$ a celkem podle $\tageq{U10}$ dostavame
$$ rA + (1-r) B \succ sA + (1-s) B $%

2. Méjme $r,s$ a $$ rA + (1-r)B \parallel sA + (1-s)B, $$ coz je spor s $\tagDe{TUL}$/1 a
navic
e $r = 0 \implies B \parallel C$ spor
e $r = 1 \implies A \parallel C$ spor

DUkaz $\tagDe{TEU}$

Vezméme udalosti $E,F \in \mcal U, E \prec F$. Uvazime $A \in \mcal U$, pak nastane néktera z
moznosti

e $F \prec A%
e $F \parallel A$



e $E \prec A \prec F$
e $E \parallel A$
e $A \prec E$

44 Kdyby takové $E,F$ neexistovalo, pak $E \parallel F$ a pro libovolnd $E,F$ a
mohli bychom volit $u \equiv 0%

Klademe respektive podle moznosti vyse $$ u(A) =\frac1lr, 1, s, 0, \frac {t-1} t, $$ kde

e $(1-s) E + sF \parallel A$
e $rA + (1-r)E \parallel F$
e $tA + (1-t)F \parallel E$

Nyni zvolime $B \in \mcal U$ a vySetfime 25 moznosti pozice $A,B$ vici $E,F$, napr. $E \prec A, B
\prec F$

Pak $$ (1-s 1) E+ s 1 F \parallel A\ (1-s 2) E + s 2 F \parallel B $$ a tedy $u(A) =s 1% a $u(B) =
s _2$. Predpokladejme $$s 1 =s 2, $$ pak podle vztahu vySe a $\tagEq{U2}$, tj. $A \parallel BS.
Nyni predp. $s 1 < s 2$, pak z $\tagDe{TUL}$ dostdvame $A \prec BS.

Naopak z $s 1 > s 2% plyne $A \succ BS.

Hry ve tvaru charakteristické
funkce

44 Hradi jsou poslanci a maiji vytvorit vladni koalici - Snaha hrace je vzdy dostat se
koalice, kterd ma Sanci vyhrat

Mé&jme vyherni funkci $$ v: 2~N \to \R, $$ kde $N = \set{1, \dots, n}$ je mnozina vSech hracd a
$2"N$ je mnozina vSech koalic ($\mcal P(N)$) a tedy pro $S \subseteq N, \; v(S) \in \R$

Pozadujme

1. $v(\emptyset) = 0$ personalnost

2. $5,T \subseteg N, S \cup T = \emptyset \implies v(S \cup T) \geq v(S) + v(T)$
superaditivita

3. Rozdéleni $x \in \R™"N$
1. $x 1 4+ \dots + x n = v(N)$



2. $x_i\geq v(\set{i})$
Mnozinu vSech rozdéleni hry $v$ oznacme $E(v)$
4. Podstata $\sum_{i\in N} v(\set{i}) < v(N)$
5. ZnaCme
$x \prec_S y,$ coz cteme jako: rozdéleni $x$ je dominované rozdélenenim $y$ pro koalici
$S$
1. $(\forall i\in S): x_i <y i\quad \land \quad \sum_{i\in S} y i\leq v(S)$
Navic piSeme $x \prec y$, pokud existuje koalice $S$ tak, ze $x \prec_S y$
6. jadro - Mnozina vSech nedominovanych rozdéleni, zna¢ime $C(v)$.
Lze ukdazat, Ze jadro je sloZzeno z rozdéleni, kde kazda koalice dostane alespon tolik, kolik
si sama zaruci, tj. $$ x \in C(v) \iff (\forall S \subseteq N): \quad \sum_{i\in S} x_i \geq v(S)
$$

Priklad

Méjme $N = \set{1, 2, \dots, 2k = n}$, pricemz lichy hra¢ ma levou botu a pravy hra¢ ma pravou
botu - vyhra $v(S)$ koalice $S$ je pak pocet funkénich pard bot, co jsou schopni dat dohromady

. $v(\set{i}) = 0%

. $v(\set{1,2}) = 1%

. $v(\set{1,2,3}) = 1%
. $v(\set{1,3}) = 0%

A W N R

Jelikoz $v(\set{2m-1, 2m}) = 1%, pak $$ v(N) = \sum_{m = 1}~k v(\set{2m-1, 2m}), $$ tedy jisté
pro libovolné $x$ musi platit $x_{2m-1} + x_{2m} = 1%

Navic i pro Ctvefice musiplatit $$ x 1 + x 4 =1\x 2+ x 3 =1%%

Celkem tedy mam soustavu $$ x 1 + x 2\ x 1 +x 4=1\x 2+ x 3 =1\x_3 + x_4 = 1\implies
X 1=x3\landx 2 =x 4 $%

A proto $$ x \in C(v) \iff x = (a, 1-a, a, 1-a, \dots) $$
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