5. cviceni

$$ \xdef\mcal#1{\mathcal{#1}} \xdef\scal#1#2{\langle #1, #2 \rangle} \xdef\N{\mathbb N}
\xdef\R{\mathbb R} \xdef\Q{\mathbb{Q}} \xdef\Z{\mathbb{Z}} \xdef\D{\mathbb{D}}
\xdef\bm# 1 {\boldsymbol{#1}} \xdef\vv#1{\mathbf{#1}} \xdef\vvp#1{\pmb{#1}}
\xdef\floor#1{\Ifloor #1 \rfloor} \xdef\ceil#1{\Iceil #1 \rceil} \xdef\grad#1{\mathrm{grad} , #1}
\xdef\ve{\varepsilon} \xdef\im#1{\mathrm{im}(#1)} \xdef\tr#1{\mathrm{tr}(#1)}

\xdef\norm#1 {\left\vert \left\vert #1 \right\vert\right\vert} \xdef\scal#1#2{\langle #1, #2 \rangle}
\xdef\ex#1{\mathrm{E} \left( #1\right)} \xdef\exv#1{\mathrm{E}, \vv{#1}} $$

4. cviceni / 2. priklad

a)ib)

Méjme vektor $\vv u \in \R™n$ (takovy, ze $\norm{\vv u} = 1$), pak matice $$ P = \frac {\vv u \vv
u~T} {\norm {\vv u}"2} $$ je ortogonalni projekce na $\im {\vv u}$.

Pro ortogonalni projekci plati

1. $P = P \cdot P$ - idempotence projekce
2. $P$ je symetricka (z ortogonality)


https://bookstack.zapadlo.name/uploads/images/gallery/2023-01/image-1673525133098.png

Pak $$ P = \frac {\vv u\vv u~T} {\norm {\vv u}"~2} $$ a tedy $$ PP = \frac {\vv u\vwv u~T}
{\norm {\vv u}"2} \frac {\vv u\vw u™T} {\norm {\vw u}"2} $%

Z definice skaldrniho souciny $\scal {\vv u} {\vv u} =\norm {\vv u}”~2$ a proto $$ PP = \frac {\vv
u\vw u™T} {\norm{\vv u}"2} = P, $$ coz zvlasté plati pro $\norm{\vv u} = 1%. Pro néjaké $\vv x
\in \R™"n$ mame $$ P \vv x = \frac {\vv u\vv u™T\vv x} {\norm {\vv u}"2} = \frac {\vv u \scal
{\vv u} {\vv x}} {\norm{\vv u} "2} = \underbrace{\frac {\scal {\vv u} {\vv x}} {\norm{\vv
u}”~2}}r {\in\R} \vv u\lin\im {\vv u} $$%$

C)

Méjme ${ \vv u_ 1, \dots, \vv u_p }$ ortonormalni vektory, pak matice $$ P = U U"T, $$ kde $U =
(\wwu_1\;\vwu_2\ \dots\; \vv u_p)$, je ortogonalni projekce na $\im U$.

Ukazme $$ P \cdot P = U \underbrace{U”T U} {I} UT=UU"T$$a$$P\wx=UUT\Wwwx=U
\cdot \begin{pmatrix} \scal {\vv u_1} {\vv x} \\scal {\vv u_2} {\vv x} \ \vdots \ \scal {\vv u_p}
{\vv x} \ \end{pmatrix} = \underbrace{\vv u_1\scal {\vvu_1} {\vv x}} {\in\R} + \dots +
\underbrace{\vv u_p\scal {\vv u_p} {\vv x}} {\in\R} \in\im U, $$ coz je linearni kombinace
vektord $\vv u_1, \dots, \vv u_p$ a jisté tedy $P \vv x \in \im U$.

d)ie)

Mame linearné nezavislé vektory ${\vv a_1, \dots, \vv a_n}$, pak $$ P = A(A"T A)~{-1}A"T $$ je
ortogonalni projekce.

Jednou moznosti by bylo pouzit spektralni rozklad $A = U \Sigma V$, ¢ehoz bychom dostali $P = U
U"T$, coz jsme ukdzali v bodé c).

Druhd moznost je $$ PP = A(A™T A)"~{-1}\underbrace{A~T A(A~T A)~{-1}} {I}A"T =P, $$ coz
stejné fungovalo i pro pseudoinverzi. Dale $$ A\vv x = \vv y \in\im A, $$ pak $$ P\vvy = (A(A"T
A)”~{-1}A"T)\vwwy = Alunderbrace{(A"~T A)~{-1}A"T A} {I}\Wwvx=A\WvXx=\wys$$

44 Zde jsme jen ukazali néco o $\vv y \in \im A$, nikoliv o obecném $\vv x \in \R"p$

5. cviceni / 1. priklad



Necht $$ \exv X = \begin{pmatrix} \ex X_1\\ex X 2 \ \vdots \ \ex X_n \end{pmatrix} $$ a $DX =
Var X = Cov(\vv X, \vv X)$ plati $$ Cov(\vv X, \vv X) = \begin{pmatrix} Cov(X 1, X 1) & Cov(X_1,

X 2) & \dots & Cov(X_ 1, X n)\ Cov(X 2, X 1) & Cov(X 2, X 2) & \dots & Cov(X 2, X_n) \ \vdots &
\vdots & \ddots & \vdots \ Cov(X_n, X_1) & Cov(X_n, X_2) & \dots & Cov(X_n, X_n) \end{pmatrix} $$

a)

Ukazme $$ \ex {A\vv X + \vv b} = A\cdot \exv X + \vv b, $$ coz je analogické k jednorozmeérnému
pripadu.

Pro $i$-ty prvek plati $$ \ex {\sum_{k =1}"na {ik} X k+ b_i} =\sum_{k=1}"n\ex {X k} +
b_ i, $$ coz je, co jsme potrebovali.

b)

Ukazme $$ Var(A\vv X + \vv b) = A \cdot Var \vv X \cdot A~T $$ coz je opét analogie k $D(a X + b)
=a”™2 D Xs.

Vyuzijeme vlastnost kovariance. Tedy pro $(i,j)$-ty prvek matice $A \vv X + \vv b$ plati $$ Cov
\left(\sum_{k =1}"na {ik} X k+ b_i,\sum {k=1}"na_{jk} X k+ b_j\right) =\sum_{k =
1}~n\sum {I=1}"na {i,k} a {jI} Cov (X k, X I) =%$% $$ =\sum_{l = 1}"n\left(\sum_{k =
1}7~na_{ik} Cov(X k, X_I)\right) a_{j,I} $%

C)

Mame ukazat $$ \ex {\vv X*T \vv X} = \exv X~ T \exv X + tr(Var(\vv X)), $$ coz je ekvivalentni s $$
\ex{X 172 + X 272 + \dots + X n™2} =\ex{X 1}"2 + \dots + \ex{X n}"~2 + DX 1 + \dots +
DX n $%

Obecné plati $$ Var(\vv X) = \ex{\vv X \vv X" T} - \exv X \cdot \exv X~T $$ a tedy $$ \ex {\vv X~T
\wv X} = \ex {tr(\vv X*T \vv X)} = $$ pak dle vlastnosti stopy matice $$ = \ex {tr(\vv X \vv X°T)}
= tr(\ex{\vv X \vv X~ T}) = tr(Var(\vv X) + \exv X \cdot \exv X~T) = $$ a opét dle vlastnosti stopy
matice $$ = tr(Var(\vv X)) + tr(\exv X \cdot \exv X~ T) = \exv X~ T \cdot \exv X + tr(Var(\vv X)) $$
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