2. cviceni

$$ \xdef\mcal#1{\mathcal{#1}} \xdef\scal#1#2{\langle #1, #2 \rangle} \xdef\N{\mathbb N}
\xdef\R{\mathbb R} \xdef\Q{\mathbb{Q}} \xdef\Z{\mathbb{Z}} \xdef\D{\mathbb{D}}
\xdef\bm# 1 {\boldsymbol{#1}} \xdef\vv#1{\mathbf{#1}} \xdef\vvp#1{\pmb{#1}}
\xdef\floor#1{\Ifloor #1 \rfloor} \xdef\ceil#1{\Iceil #1 \rceil} \xdef\grad#1{\mathrm{grad} , #1}
\xdef\ve{\varepsilon} $$

Linedrni model

Obecné ma tvar $$ Y_i = \beta_0 + \beta_1 x_{i, 1} + \dots + \beta_k x_{i, k} + \ve_i, $$ kde $i =
1, \dots, n$. $Y_i$ je nase "cilovd proménna" (regresand). Proménné $x_{i,1}, \dots, x_{i,k}$ jsou
kovariaty (regresor, prediktor) a jsou pevné dané. Dale mame regresni koeficienty $\beta_ 0, \dots,
\beta k$ a $\varepsilon_i$ je nahodna proménna chyby.

Také plati $$ \varepsilon_i \sim~{iid} (0, \sigma~2) $$ $$ E(\varepsilon_i) = 0 $$ $$
var(\varepsilon_i) = \sigma”~2 $$ $$ cov(\varepsilon_i) = 0 $$

Celkem mame $$ \begin{pmatrix} Y 1\Y 2 \\vdots \ Y n\end{pmatrix} = \begin{pmatrix} 1 &

x {1,1} &\dots & x {1, k} \1 & x {2,1} &\dots & x_{2, k} \ \vdots & \vdots & \ddots & \vdots\ 1 &
x_{n,1} &\dots & x_{n, k} \ \end{pmatrix} \cdot \begin{pmatrix} \beta 0 \ \beta_1 \ \vdots \
\beta_k \end{pmatrix} + \begin{pmatrix} \varepsilon_1 \ \varepsilon_2 \ \vdots \ \varepsilon_n

\end{pmatrix} \tag{LSM} $$ A vektorové $$ \vv{Y} = \underbrace{\vv{X}} {\text{matice
planu}} \cdot \vvp{\beta} + \vvp{\varepsilon} $$

Tedy pro 2. cviceni

02/ a)

$$FEV_ i = \beta 0 + \ve_ i$$

MlzZeme si predstavit jako funkci $y = \beta 0%



A matice planu bude $$ \begin{pmatrix} 1\ 1 \\vdots \ 1 \end{pmatrix} $$ Tedy kapacita plic je
podle tohoto modelu konstantni a vizudlné znazornéné jako

N\ .
FEV

02/ c)

$$ FEV_i = \beta_0 + \beta_1 \cdot \text{Height}_i + \ve_i $$
Kapacitu plic modelujeme pomoci vysky. Tedy v tomto pfipadeé chceme funkci $y = \beta 0 +
\beta 1 x$.

A graficky
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A matice planu tentokrat bude $$ \begin{pmatrix} 1 & \text{Height} 1\ 1 & \text{Height} 2\
\vdots \ 1 & \text{Height} n\end{pmatrix}, $$ coz dosazujeme do $(LSM)$.

Tedy mame model hledédme $y = \beta 0 + \beta_1 x$ a zde

e $\beta 0% ... stfedni hodnota predikce pri nulovych hodnotach ostatnich prediktor(
e $\beta 1% ... narGst stredni hodnoty predikce pfi narlstu vysky (prediktor
$\text{Height}$) 0 1 cm

02 /Db)

$$ FEV_i = \beta_0 + \beta_1 \cdot \text{Sex} i + \ve_i $%

a $\beta_1$ zde reprezentuje rozdil predikce mezi muzi a zenami s matici planu $$
\begin{pmatrix} 1 & 1\1 & 0\\vdots\ 1 & 1 \end{pmatrix}, $$

kde $1$ reprezentuje muze.

A graficky


https://bookstack.zapadlo.name/uploads/images/gallery/2023-01/image-1673522404558.png

feV i\\

02/ d)

$$ FEV_i = \beta 0 + \beta_1 \cdot \text{Height} i + \beta_2 \text{Height} i~2 + \ve_ i $$ V tomto
pripadeé je $\beta 1, \beta 2$ jsou slozité na interpretaci

A matice planu by v tomto pfipadé byla $$ \begin{pmatrix} 1 & \text{Height} 1 &
\text{Height}~2 1\ 1 & \text{Height} 2 & \text{Height}~2 2 \\vdots\ 1 & \text{Height} n &
\text{Height}~2 n\end{pmatrix}, $$

02/ e)

$$ FEV i = \beta 0 + \beta_ 1 \cdot \text{Height} i + \beta 2 \text{Sex} i + \ve_i $$ s matici planu
$$ \begin{pmatrix} 1 & \text{Height} 1 & 0\ 1 & \text{Height} 2 & 1 \\vdots\ 1 &
\text{Height} n & 1 \end{pmatrix}, $$ pricemz ve 3. sloupci jsou $1$ znaci muze.
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A hledame pfimku $$ y = \beta 0 + \beta 1 x + \beta_2 \vv | \set{\text{Sex} = \text{"male"}} $$

s vyznamem koeficientd

e $\beta 0% ... stfedni hodnota predikce pri nulovych hodnotach ostatnich prediktor(
(nulovéa vyska a Zzenské pohlavi)

e $\beta 1% ... zména stredni hodnoty predikce pri narlstu vysky (prediktor
$\text{Height}$) o 1 cm pro Zzeny

e $\beta 2% ... rozdil stfedni hodnoty predikce mezi muzi a zenami

02/9)

$$ FEV_i = \beta 0 + \beta_1 \cdot \text{Height} i + \beta 2 \text{Sex} i + \beta 3 (\text{Sex} i
\times \text{Height} i) + \ve_ i, $$ kde Clenu $\text{Sex} i\times \text{Height} i$ interakce a
matice planu bude $$ \begin{pmatrix} 1 & \text{Height} 1 & 0 & 0\ 1 & \text{Height} 2 & 1 &
\text{Height} 2\ 1 & \text{Height} 3 & 0 & 0\ \vdots & \vdots & \vdots & \vdots \ 1 &
\text{Height} n & 1 & \text{Height} n\end{pmatrix}, $$ pricemz ve 3. sloupci jsou $1$ znaci
muze.

A hledame pfimku $$ y = \beta 0 + \beta_1 x + \beta_2 \vv | \set{\text{Sex} = \text{"male"}} +
\beta_3 x \vv | \set{\text{Sex} = \text{"male"}}, $$ tj.
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e Zena ... $y = \beta 0 + \beta_1 x$
e muz ... $y = (\beta_0 + \beta 2) + (\beta_1 + \beta_3)x$
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Zde $\beta 3$ znadi rozdil stfedni hodnoty predikce mezi muzi a Zenami pri narlistu vysky o 1 cm

44 rozdil rychlosti rlstu $\text{FEV}$ mezi muzi a Zenami

Interpretation

@ “keeping the values of all the other covariates fixed, a unit
increase in x; is associated with a 3; increase in E Y”

» suitably adapted for categorical predictors and potentially

interactions, and depends on the choice of the identifiability
conditions

» polynomials need a more complex interpretation

@ is it meaningful to imagine that a covariate changes while all
the other remain fixed?
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