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2. cviceni

$$ \xdef\mcal#1{\mathcal{#1}} \xdef\scal#1#2{\langle #1, #2 \rangle} \xdef\N{\mathbb N}
\xdef\R{\mathbb R} \xdef\Q{\mathbb{Q}} \xdef\Z{\mathbb{Z}} \xdef\D{\mathbb{D}}
\xdef\bm#1{\boldsymbol{#1}} \xdef\vv#1{\mathbf{#1}} \xdef\vvp#1{\pmb{#1}}
\xdef\floor#1{\Ifloor #1 \rfloor} \xdef\ceil#1{\Iceil #1 \rceil} \xdef\grad#1{\mathrm{grad} , #1}
\xdef\ve{\varepsilon} $$

Linedrni model

Obecné ma tvar $$ Y i = \beta 0 + \beta 1 x_{i, 1} + \dots + \beta k x_{i, k} + \ve_ i, $$ kde $i =
1, \dots, n$. $Y_i$ je nase "cilovad proménna" (regresand). Proménné $x_{i,1}, \dots, x_{i,k}$ jsou
kovariaty (regresor, prediktor) a jsou pevné dané. Dale mame regresni koeficienty $\beta 0, \dots,
\beta k$ a $\varepsilon_i$ je nahodna proménna chyby.

Také plati $$ \varepsilon_i \sim~{iid} (0, \sigma~2) $$ $$ E(\varepsilon_i) = 0 $$ $$
var(\varepsilon_i) = \sigma~2 $$ $$ cov(\varepsilon_i) = 0 $$

Celkem mame $$ \begin{pmatrix} Y 1\Y 2 \\vdots \ Y _n\end{pmatrix} = \begin{pmatrix} 1 &
x_{1,1} &\dots & x_{1, k} \1 & x_{2,1} &\dots & x_{2, k} \ \vdots & \vdots & \ddots & \vdots\ 1 &
x_{n,1} &\dots & x_{n, k} \ \end{pmatrix} \cdot \begin{pmatrix} \beta 0 \ \beta_1 \ \vdots \
\beta_k \end{pmatrix} + \begin{pmatrix} \varepsilon_1 \ \varepsilon_2 \ \vdots \ \varepsilon_n
\end{pmatrix} \tag{LSM} $$ A vektorové $$ \vv{Y} = \underbrace{\vv{X}} {\text{matice
planu}} \cdot \vvp{\beta} + \vvp{\varepsilon} $$

Tedy pro 2. cvi¢eni

02/ a)

$$FEV_ i = \beta 0 + \ve_i$$

MlzZeme si predstavit jako funkci $y = \beta 0%



A matice planu bude $$ \begin{pmatrix} 1\ 1 \\vdots \ 1 \end{pmatrix} $$ Tedy kapacita plic je
podle tohoto modelu konstantni a vizudlné znazornéné jako

N\ .
FEV

02/ c)

$$ FEV_i = \beta_0 + \beta_1 \cdot \text{Height}_i + \ve_i $$
Kapacitu plic modelujeme pomoci vysky. Tedy v tomto pfipadeé chceme funkci $y = \beta 0 +
\beta 1 x$.

A graficky


https://bookstack.zapadlo.name/uploads/images/gallery/2023-01/image-1673522374902.png
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A matice planu tentokrat bude $$ \begin{pmatrix} 1 & \text{Height} 1\ 1 & \text{Height} 2\
\vdots \ 1 & \text{Height} n\end{pmatrix}, $$ coz dosazujeme do $(LSM)$.

Tedy mame model hledédme $y = \beta 0 + \beta_1 x$ a zde

e $\beta 0% ... stfedni hodnota predikce pri nulovych hodnotach ostatnich prediktor(
e $\beta 1% ... narGst stredni hodnoty predikce pfi narlstu vysky (prediktor
$\text{Height}$) 0 1 cm

02 /Db)

$$ FEV_i = \beta_0 + \beta_1 \cdot \text{Sex} i + \ve_i $%

a $\beta_1$ zde reprezentuje rozdil predikce mezi muzi a zenami s matici planu $$
\begin{pmatrix} 1 & 1\1 & 0\\vdots\ 1 & 1 \end{pmatrix}, $$

kde $1$ reprezentuje muze.

A graficky


https://bookstack.zapadlo.name/uploads/images/gallery/2023-01/image-1673522404558.png
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02/ d)

$$ FEV_i = \beta 0 + \beta_1 \cdot \text{Height} i + \beta_2 \text{Height} i~2 + \ve_ i $$ V tomto
pripadeé je $\beta 1, \beta 2$ jsou slozité na interpretaci

A matice planu by v tomto pfipadé byla $$ \begin{pmatrix} 1 & \text{Height} 1 &
\text{Height}~2 1\ 1 & \text{Height} 2 & \text{Height}~2 2 \\vdots\ 1 & \text{Height} n &
\text{Height}~2 n\end{pmatrix}, $$

02/ e)

$$ FEV i = \beta 0 + \beta_ 1 \cdot \text{Height} i + \beta 2 \text{Sex} i + \ve_i $$ s matici planu
$$ \begin{pmatrix} 1 & \text{Height} 1 & 0\ 1 & \text{Height} 2 & 1 \\vdots\ 1 &
\text{Height} n & 1 \end{pmatrix}, $$ pricemz ve 3. sloupci jsou $1$ znaci muze.
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A hledame pfimku $$ y = \beta 0 + \beta 1 x + \beta_2 \vv | \set{\text{Sex} = \text{"male"}} $$

s vyznamem koeficientd

e $\beta 0% ... stfedni hodnota predikce pri nulovych hodnotach ostatnich prediktor(
(nulovéa vyska a Zzenské pohlavi)

e $\beta 1% ... zména stredni hodnoty predikce pri narlstu vysky (prediktor
$\text{Height}$) o 1 cm pro Zzeny

e $\beta 2% ... rozdil stfedni hodnoty predikce mezi muzi a zenami

02/9)

$$ FEV_i = \beta 0 + \beta_1 \cdot \text{Height} i + \beta 2 \text{Sex} i + \beta 3 (\text{Sex} i
\times \text{Height} i) + \ve_ i, $$ kde Clenu $\text{Sex} i\times \text{Height} i$ interakce a
matice planu bude $$ \begin{pmatrix} 1 & \text{Height} 1 & 0 & 0\ 1 & \text{Height} 2 & 1 &
\text{Height} 2\ 1 & \text{Height} 3 & 0 & 0\ \vdots & \vdots & \vdots & \vdots \ 1 &
\text{Height} n & 1 & \text{Height} n\end{pmatrix}, $$ pricemz ve 3. sloupci jsou $1$ znaci
muze.

A hledame pfimku $$ y = \beta 0 + \beta_1 x + \beta_2 \vv | \set{\text{Sex} = \text{"male"}} +
\beta_3 x \vv | \set{\text{Sex} = \text{"male"}}, $$ tj.


https://bookstack.zapadlo.name/uploads/images/gallery/2023-01/image-1673522462956.png

e Zena ... $y = \beta 0 + \beta 1 x$
e muz ... $y = (\beta_0 + \beta 2) + (\beta_1 + \beta_3)x$
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Zde $\beta_3$ znaci rozdil stfedni hodnoty predikce mezi muzi a zenami pri narlstu vysky o 1 cm

44 rozdil rychlosti rdstu $\text{FEV}$ mezi muzi a Zenami


https://bookstack.zapadlo.name/uploads/images/gallery/2023-01/image-1673522480227.png

Interpretation

@ “keeping the values of all the other covariates fixed, a unit
Increase in x; is associated with a (; increase in E Y”

» suitably adapted for categorical predictors and potentially

interactions, and depends on the choice of the identifiability
conditions

» polynomials need a more complex interpretation

@ is it meaningful to imagine that a covariate changes while all
the other remain fixed?
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3. cviceni
$$ \xdef\mcal#1{\mathcal{#1}} \xdef\scal#1#2{\langle #1, #2 \rangle} \xdef\N{\mathbb N}
\xdef\R{\mathbb R} \xdef\Q{\mathbb{Q}} \xdef\Z{\mathbb{Z}} \xdef\D{\mathbb{D}}
\xdef\bm#1{\boldsymbol{#1}} \xdef\vv#1{\mathbf{#1}} \xdef\vvp#1{\pmb{#1}}

\xdef\floor#1{\Ifloor #1 \rfloor} \xdef\ceil#1{\Iceil #1 \rceil} \xdef\grad#1{\mathrm{grad} , #1}
\xdef\ve{\varepsilon} $$

Priklad 1

Mdédme symetrickou, pozitivné definitni matici $m \times m$ znac¢enou $\Sigma$.

a)

Poz. def $\iff$ vSechna vlastni Cisla jsou kladna $\implies$ $\det(\lambda_1 \dots \lambda_m) > 0%
$\implies$ inverze bude existovat $\implies h(\Sigma) = m$

b)

Matice $\Sigma$ je samoadjungovany operator Inverzi sestrojime pomoci spektralniho rozkladu. $$
\Sigma = U \Lambda U"T, $$ kde $U$ je tvorena vlastnimi vektory a je ortogondini ($U \cdot U™T
= 1$) a $\Lambda$ je diagonalni matice vlastnich cisel.

Pak inverze je $$ \Sigma~{-1} = U \Lambda~{-1} U"T $$

A jako ovéreni $$ \Sigma \Sigma~{-1} = U \Lambda U”T U \Lambda~{-1} U"T =1$%$

C)

Ze spektrdlniho rozkladu je jisté matice $\Sigma~{-1}$ pozitivné definitni. Necht $\vv x \neq 0%
libovolné, pak $$ \vv x~T\Sigma”~{-1} \vv x = \vv Xx*T U \Lambda”~{-1} U”T\vv x = \vw x~TU
\Lambda” {-\frac 1 2} \Lambda”~ {-\frac 1 2} U™T \vv x, $$ kde $\Lambda”™ {-\frac 1 2} $ je matice s



prevracenymi hodnotami odmocnin vilastnich ¢isel matice $\Sigma$ na diagondle a tedy $$
\underbrace{\vv x~T U \Lambda” {-\frac 1 2} }{\vv y} \underbrace{\Lambda” {-\frac 1 2} U"T \vv
x}{\vv y~T} = \vert \vert \vv y \vert \vert™~2 > 0 $$

d)

Méjme mnozinu $S_c$ takovou, ze $$ S c = {\vv x; ; (\vv X - \vv \mu)~T\Sigma~{-1} (\vv x- \vv
\mu) = c }, $$ kde $\vv \mu \in \R"m$ a $c \in \R$.

Pro $c < 0% je $S_c \equiv \emptyset$.

Dale pro $c = 0$ je reSenim pouze $S ¢ = {\vv \mu}s$.

Nakonce pro $c > 0$ je $$ \underbrace{(\vv x - \vv \mu)~T U} {\vv y} \Lambda~{-1} U”T (\vv X -
\vv \mu) = \vv y*T \Lambda”™{-1} \vvy $$ A pro $m = 2$ tedy $$ (y_1; y 2) \begin{pmatrix} \frac
1 {\lambda_1} & 0\ 0 & \frac 1 {\lambda_2} \end{pmatrix} \begin{pmatrix} y 1\y 2
\end{pmatrix} = c $$ $$ \frac {y_172} {\lambda_1} + \frac{y 272} {\lambda 2} = c, $$ cozZ je
rovnice elipsy se stfedem $(\mu_1, \mu_2)$ a sméry os jsou prave vlastni vektory $\Sigmas.

Nakonec délky poloos budou $\sqrt{c \lambda_i}$
79214 ¥8h8deestdfdBH06b04914d2aff.png

Analogicky pro $m > 2$ dostaneme elipsoid.

Priklad 4

Matice $\Sigma$ je poz. semidef matice symetrickd matice $m \times m$.

a)

$$ h(\Sigma) =r, $$ kde $0 < r\leg m$.

Nahradime $U$ za matici $$ U_1 = \begin{pmatrix} \vv u_1 & \vert & \vv u_2 & \vert & \dots &
\vert & \vv u_r\end{pmatrix} $$ a také $$ \Lambda_1 = \mathrm{diag} (\lambda_1, \dots,
\lambda r) $$

b)



Sestrojme matici $\tilde{\Sigma}$ takovou, Ze $\tilde{\Sigma} \tilde{\Sigma}~T = \Sigma$ jako
$$ \tilde{\Sigma} = U_1 \Lambda_1~{\frac 1 2}, $$ kdyz je $h(\Sigma) = r$ a pro $h(\Sigma) =
m$ jako $\tilde{\Sigma} = U \Lambda”~{\frac 1 2}$.

d)

44 Zde znacim pseudoinverzi matice $A$ jako $A™~\dagger$

$\tilde{\Sigma} ~\dagger = \Lambda_1~{-\frac 1 2} U 1°T$ a pro tuto matici bychom ukazali
vSechny 4 vlastnosti pseudoinverze, tj.

e $A A™\dagger A = A$

e $A™\dagger A A™\dagger = A~\dagger$
e $(A™\dagger A)”T = A™\dagger A$

e $(A A™\dagger)”~T = A A™\dagger$



4. cviceni

$$ \xdef\mcal#1{\mathcal{#1}} \xdef\scal#1#2{\langle #1, #2 \rangle} \xdef\N{\mathbb N}
\xdef\R{\mathbb R} \xdef\Q{\mathbb{Q}} \xdef\Z{\mathbb{Z}} \xdef\D{\mathbb{D}}
\xdef\bm#1{\boldsymbol{#1}} \xdef\vv#1{\mathbf{#1}} \xdef\vvp#1{\pmb{#1}}
\xdef\floor#1{\Ifloor #1 \rfloor} \xdef\ceil#1{\Iceil #1 \rceil} \xdef\grad#1{\mathrm{grad} , #1}
\xdef\ve{\varepsilon} \xdef\im#1{\mathrm{im}(#1)} \xdef\tr#1{\mathrm{tr}(#1)}
\xdef\norm#1 {\left\vert \left\vert #1 \right\vert\right\vert} \xdef\scal#1#2{\langle #1, #2 \rangle}
$$

1. priklad

Mame symetrickou idempotentni matice $P$ velikosti $n\times n$, coz je matice ortogonalni
projekce.

a)

JelikoZ je $P$ symetricka, tak existuje spektrdlni rozklad tvaru $$ P = U \Lambda U"T $$

44 matice $U$ je ortogonalni a plné hodnosti

a jelikoz je idempotentni $$ P = PP $$ Potom $$ U\Lambda U™T = P = PP = U \Lambda
\underbrace{U”T U} {I} \Lambda U”T = U \Lambda”~2 U™T $$ A celkem dostdvame $\Lambda"2
= \Lambda$. Navic jelikoz je $\Lambda$ diagonalni, tak pro vSechna vlastni Cisla $\lambda$ matice
$\Lambda$ plati $$ \lambda~2 = \lambda\ (\lambda - 1)\lambda = 0 \implies \lambda = 0 \lor
\lambda =1 $$

44 ldempotentni matice $P$ je invertibilni pravé tehdy, kdyz $P = 1$

b)



Jelikoz $P = U\Lambda U™ T$, pak $U$ je pIné hodnosti (je ortogondlni), pak $$ h(P) = h(U\Lambda
U~T) = h(\Lambda) = | \set{\lambda _i, \; \lambda_i = 1} | $$

C)

Z Casti b) mame $$ \implies h(P) = \dots = \sum \lambda_i = \tr \Lambda = \tr {\Lambda U U"T}
$$ A jelikoz pro stopu soucinu matic plati $\tr {A B C} = \tr {C A B}$ (invariantnost vUci cyklickym
operacim), pak $$ \implies h(P) = \dots = \tr {U \Lambda U"T} =\tr P $$

d)

Je-li vektor $\vv y \in \im P$, pak $P \vv y = \vv y$ Pokud $\vv y \in \im P$, pak $\exists \vv z$, Ze
$\wvy =P\ z$

44 Definice obrazu $\im P$: $$\im P = \set{\vv y \in \R”n \mid \exists \vv z \in \R™n
:\; P\vww z =\vv y}$$

Pak $$ P\wy =P (P\wz)=(PP)\wz=P\wz=\vy$$

e)

44 Chceme ukdzat, Ze projekce do mensiho podprostoru je zaroven projekce do
onoho vétsiho prostoru

Necht $\vv z \in \R™n$ je libovolné, projekce $z$ do mensiho prostoru je prvek vétSiho prostoru. $$
\tilde P \vv z \in \im {\tilde P} \leq \im P $$ Pak podle d) plati $$ P(\tilde P \vv z) = \tilde P \vv z\
P(\tilde P \vv z) - \tilde P \vv z = \vv 0\ (P\tilde P - \tilde P) \vv z = \vv 0, $$ nicméné vektor $\vv z$
byl libovolny. To tedy znamenad, Ze zobrazeni $P \tilde P - \tilde P$ posle vSechny $\vv z \in \R™"n$
na nulovy vektor, tj. $$ \ker (P \tilde P - \tilde P) = \R"™n $$ Z linearni algebry vime, Ze $\dim \ker(A)
+ \dim \im A = n$ pro $A$ tvaru $n \times n$. A tedy $$ \dim \im {P \tilde P - \tilde P} = 0 \implies
P \tilde P - \tilde P = \vv 0 $$ Nebot $P, \tilde P$ jsou ortogonalni projekce, tak jsou symetrické.
Celkem $$ \tilde P P = \tilde P~T P~T = (\tilde P P)~T = \tilde P~"T = \tilde P = P\tilde P $$



f)

Necht $\vv x \in \R™"n$ pevné. Méjme $P \vv z \in \im P$ Vezméme libovolné $\vv y \in \im P$ a
spocitdame $\norm {\vv y - \vv x}~2$ Pak $$ \norm {\vwy -\vv x}"2 = \norm{P\vv X - x + y - P\vv
x}72 =\scal {(P\vv x-\ww Xx)+ (\wwy-P\wwx)} {(P\vwx-\vvXx)+ (\wwy-P\lvwx)} $$

44 Pro skalarni soucin plati $$\scal {\vv u} {\vv v} =\scal {\vv v} {\vv u} \\scal
{\vw u + \vv v} {\vv w} =\scal {\vv u} {\vv w} + \scal {\vv v} {\vv w} \ \scal
{\vv u} {a\vv v} = a\scal {\vv u} {\vv v}, ;al\in\R $$

Pak dostavame $$ = \norm{P \vv x - \vv x}~2 + 2 \scal {P\vv x -\vv x} {\vwy-P\vv x} +
\norm{\vv y-P\vv x}"2 $$

A zajima nés hlavné $\scal {P \vv x - \vv x} {\vvy - P\vv x}$, tedy

$$ \scal {P\wv x-\wvx} {\vwWwy-P\wwx}=(QNwy-P\vwx)"T(P\vvXx-\vXx)=\vwWwy”™T(P\vvX-
WV X) - (P\WVv X)"TP\WvX-\WWX=%$$%$$=\wWy~ TP\ X-\wWy~T\vv X -\vv x"T
\underbrace{P”~T P}_{P}\vww Xx +\vw X T P~T\vw Xx =\vwW y~TP\vv x-\vwy~T\vv x $$

Jelikoz $\vv y \in \im P$, tak jisté $\exists \vv z \in \R™"n$ takové, ze $\vvy = P \vv z$. Z toho plyne

$$\WVv Yy TP\Wv X-\WWwWy™T\WwvXx=(P\vwz)"TP\vv x-(P\v z)"T\vv Xx=\vwz"T
\underbrace{P~T P}_{P} \vv x-\vv z”T \underbrace{P~T}_{P}\vv x =0 $%

Celkem $\norm {\vv y - \vv x}~2$ zavisi pouze na $\norm {\vv y - P\vv x}"~2% a $$ \norm{P \vv x -
\vv x} ™2 + \underbrace{2 \scal {P\vv x-\vv x} {\wwy-P\vwx}} {0} +\norm{\vwy-P\vv x}"2
\geq \norm{P \vv x - \vv x} 2 $$ a rovnost nastane pouze v pripadé $P \vv x = \vv y$.

Zadani v R

Vykreslit si grafy hustot a distribu¢nich funkci pro

e $N(0,1)$ a spocitat $P(X \leq 2)$

e Studentovo $t(df = 5)$ a spocitat $P(X \leq 2)$
e $\chi™~2(df = 10)$ a spocitat $P(X \leq 20)$

e Fisherovo $F(5, 10)$ a spocitat $P(X \leq 2)$

a vypoctéte 95% kvantil a zaznacte do grafu



5. cviceni

$$ \xdef\mcal#1{\mathcal{#1}} \xdef\scal#1#2{\langle #1, #2 \rangle} \xdef\N{\mathbb N}
\xdef\R{\mathbb R} \xdef\Q{\mathbb{Q}} \xdef\Z{\mathbb{Z}} \xdef\D{\mathbb{D}}
\xdef\bm#1{\boldsymbol{#1}} \xdef\vv#1{\mathbf{#1}} \xdef\vvp#1{\pmb{#1}}
\xdef\floor#1{\Ifloor #1 \rfloor} \xdef\ceil#1{\Iceil #1 \rceil} \xdef\grad#1{\mathrm{grad} , #1}
\xdef\ve{\varepsilon} \xdef\im#1{\mathrm{im}(#1)} \xdef\tr#1{\mathrm{tr}(#1)}

\xdef\norm#1 {\left\vert \left\vert #1 \right\vert\right\vert} \xdef\scal#1#2{\langle #1, #2 \rangle}
\xdeflex#1{\mathrm{E} \left( #1\right)} \xdef\exv#1{\mathrm{E}, \vv{#1}} $$

4. cviceni / 2. priklad

a)ib)

Méjme vektor $\vv u\in \R™"n$ (takovy, ze $\norm{\vv u} = 1%$), pak matice $$ P = \frac {\vv u \vv
u™T} {\norm {\vv u}"2} $$ je ortogonalni projekce na $\im {\vv u}$.

Pro ortogonalni projekci plati

1. $P = P \cdot P$ - idempotence projekce
2. $P$ je symetricka (z ortogonality)


https://bookstack.zapadlo.name/uploads/images/gallery/2023-01/image-1673525133098.png

Pak $$ P = \frac {\vv u\vv u~T} {\norm {\vv u}"~2} $$ a tedy $$ PP = \frac {\vv u\vwv u~T}
{\norm {\vv u}"2} \frac {\vv u\vw u™T} {\norm {\vw u}"2} $%

Z definice skaldrniho souciny $\scal {\vv u} {\vv u} =\norm {\vv u}”~2$ a proto $$ PP = \frac {\vv
u\vw u™T} {\norm{\vv u}"2} = P, $$ coz zvlasté plati pro $\norm{\vv u} = 1%. Pro néjaké $\vv x
\in \R™"n$ mame $$ P \vv x = \frac {\vv u\vv u™T\vv x} {\norm {\vv u}"2} = \frac {\vv u \scal
{\vv u} {\vv x}} {\norm{\vv u} "2} = \underbrace{\frac {\scal {\vv u} {\vv x}} {\norm{\vv
u}”~2}}r {\in\R} \vv u\lin\im {\vv u} $$%$

C)

Méjme ${ \vv u_ 1, \dots, \vv u_p }$ ortonormalni vektory, pak matice $$ P = U U"T, $$ kde $U =
(\wwu_1\;\vwu_2\ \dots\; \vv u_p)$, je ortogonalni projekce na $\im U$.

Ukazme $$ P \cdot P = U \underbrace{U”T U} {I} UT=UU"T$$a$$P\wx=UUT\Wwwx=U
\cdot \begin{pmatrix} \scal {\vv u_1} {\vv x} \\scal {\vv u_2} {\vv x} \ \vdots \ \scal {\vv u_p}
{\vv x} \ \end{pmatrix} = \underbrace{\vv u_1\scal {\vvu_1} {\vv x}} {\in\R} + \dots +
\underbrace{\vv u_p\scal {\vv u_p} {\vv x}} {\in\R} \in\im U, $$ coz je linearni kombinace
vektord $\vv u_1, \dots, \vv u_p$ a jisté tedy $P \vv x \in \im U$.

d)ie)

Mame linearné nezavislé vektory ${\vv a_1, \dots, \vv a_n}$, pak $$ P = A(A"T A)~{-1}A"T $$ je
ortogonalni projekce.

Jednou moznosti by bylo pouzit spektralni rozklad $A = U \Sigma V$, ¢ehoz bychom dostali $P = U
U"T$, coz jsme ukdzali v bodé c).

Druhd moznost je $$ PP = A(A™T A)"~{-1}\underbrace{A~T A(A~T A)~{-1}} {I}A"T =P, $$ coz
stejné fungovalo i pro pseudoinverzi. Dale $$ A\vv x = \vv y \in\im A, $$ pak $$ P\vvy = (A(A"T
A)”~{-1}A"T)\vwwy = Alunderbrace{(A"~T A)~{-1}A"T A} {I}\Wwvx=A\WvXx=\wys$$

44 Zde jsme jen ukazali néco o $\vv y \in \im A$, nikoliv o obecném $\vv x \in \R"p$

5. cviceni / 1. priklad



Necht $$ \exv X = \begin{pmatrix} \ex X_1\\ex X 2 \ \vdots \ \ex X_n \end{pmatrix} $$ a $DX =
Var X = Cov(\vv X, \vv X)$ plati $$ Cov(\vv X, \vv X) = \begin{pmatrix} Cov(X 1, X 1) & Cov(X_1,

X 2) & \dots & Cov(X_ 1, X n)\ Cov(X 2, X 1) & Cov(X 2, X 2) & \dots & Cov(X 2, X_n) \ \vdots &
\vdots & \ddots & \vdots \ Cov(X_n, X_1) & Cov(X_n, X_2) & \dots & Cov(X_n, X_n) \end{pmatrix} $$

a)

Ukazme $$ \ex {A\vv X + \vv b} = A\cdot \exv X + \vv b, $$ coz je analogické k jednorozmeérnému
pripadu.

Pro $i$-ty prvek plati $$ \ex {\sum_{k =1}"na {ik} X k+ b_i} =\sum_{k=1}"n\ex {X k} +
b_ i, $$ coz je, co jsme potrebovali.

b)

Ukazme $$ Var(A\vv X + \vv b) = A \cdot Var \vv X \cdot A~T $$ coz je opét analogie k $D(a X + b)
=a”™2 D Xs.

Vyuzijeme vlastnost kovariance. Tedy pro $(i,j)$-ty prvek matice $A \vv X + \vv b$ plati $$ Cov
\left(\sum_{k =1}"na {ik} X k+ b_i,\sum {k=1}"na_{jk} X k+ b_j\right) =\sum_{k =
1}~n\sum {I=1}"na {i,k} a {jI} Cov (X k, X I) =%$% $$ =\sum_{l = 1}"n\left(\sum_{k =
1}7~na_{ik} Cov(X k, X_I)\right) a_{j,I} $%

C)

Mame ukazat $$ \ex {\vv X*T \vv X} = \exv X~ T \exv X + tr(Var(\vv X)), $$ coz je ekvivalentni s $$
\ex{X 172 + X 272 + \dots + X n™2} =\ex{X 1}"2 + \dots + \ex{X n}"~2 + DX 1 + \dots +
DX n $%

Obecné plati $$ Var(\vv X) = \ex{\vv X \vv X" T} - \exv X \cdot \exv X~T $$ a tedy $$ \ex {\vv X~T
\wv X} = \ex {tr(\vv X*T \vv X)} = $$ pak dle vlastnosti stopy matice $$ = \ex {tr(\vv X \vv X°T)}
= tr(\ex{\vv X \vv X~ T}) = tr(Var(\vv X) + \exv X \cdot \exv X~T) = $$ a opét dle vlastnosti stopy
matice $$ = tr(Var(\vv X)) + tr(\exv X \cdot \exv X~ T) = \exv X~ T \cdot \exv X + tr(Var(\vv X)) $$



7. cviceni

$$ \xdef\mcal#1{\mathcal{#1}} \xdef\scal#1#2{\langle #1, #2 \rangle} \xdef\N{\mathbb N}
\xdef\R{\mathbb R} \xdef\Q{\mathbb{Q}} \xdef\Z{\mathbb{Z}} \xdef\D{\mathbb{D}}
\xdef\bm#1{\boldsymbol{#1}} \xdef\vv#1{\mathbf{#1}} \xdef\vvp#1{\pmb{#1}}
\xdef\floor#1{\Ifloor #1 \rfloor} \xdef\ceil#1{\Iceil #1 \rceil} \xdef\grad#1{\mathrm{grad} , #1}
\xdef\ve{\varepsilon} \xdef\im#1{\mathrm{im}(#1)} \xdef\tr#1{\mathrm{tr}(#1)}

\xdef\norm#1 {\left\vert \left\vert #1 \right\vert\right\vert} \xdef\scal#1#2{\langle #1, #2 \rangle}
\xdeflex#1{\mathrm{E} \left( #1\right)} \xdef\exv#1{\mathrm{E}, \vv{#1}} $$

Necht $$ \vv Y $$ jsou data, $$ \hat {\vv Y} = \vv X \hat {\vvp \beta}, \qquad E \hat{\vv Y} = E \vv
Y $$ je odhad $\vv Y$ a $$ \vv e $$ je odhad $\vvp \ves.

A mame celkovou sumu ¢étvercu $$ TSS = \sum_{i = 1}~n (Y_i - \overline Y_i)"~2 $$ také
vysvétlovanou sumu étverca $$ ESS = \sum_{i = 1}~n(\hat Y_i - \overline Y_i)"~2 $$ a
neposledni fadé rezidudlni sumu étverct $$ RSS = \sum _{i = 1}"n (Y_i-\hat Y_i)"~2 $$

A plati $$ TSS = RSS + ESS $$

a necht $R"™2$ je koeficient determinace $$ R™2 = \frac {ESS} {TSS} \in (0, 1] $$ a
adjustovany koeficient determinace $$ R~2 {adj} = 1 - \frac {\cfrac {RSS} {n-p}} {\cfrac
{TSS} {n-1}} $%

Déle $$ \hat \sigma~2 = \frac {RSS} {n-p} $$ a $$ var(\hat{\vvp \beta}) = \hat \sigma”™2 (\vv
X~T\vv X)~{-1} $$ Pricemz $var(\hat{\vvp \beta})$ dostaneme pomoci vcov(<model>)



O. cviceni

a) IS pro $\beta_i$: $$ T_i = \frac {\hat{\beta_i}} {\sqrt{\hat{\sigma} (\pmb X~T \pmb X)~ {-
1} _{i,i}}} \sim t(n-p) $$

Pak $$ P\left(T_i\in \left[t _{\frac \alpha 2}(n-p), t {1 - \frac \alpha 2} (n-p)\right]\right) = 1 - \alpha
$$ $$ t {\frac \alpha 2}(n-p)\leq T_i\leqgt {1 -\frac\alpha 2}(n-p) $$ $$ t {\frac \alpha 2}(n-p)
\leq \frac {\beta_i - \hat{\beta_i}} {\sqrt{\hat{\sigma}~2 (\pmb X~T\pmb X)~{-1} {i,i}}} \leq

t {1 -\frac \alpha 2}(n-p) $$ Z ¢ehoZ dostaneme $$ \beta_i\in \left(\hat{\beta i} \pm t_{1-\frac
\alpha 2}(n-p) \sgrt{\hat{\sigma}~2 (\pmb X~T \pmb X)"~{-1}_ {i,i} }\right) $$

b) $$ T = \frac {\pmb a~T \pmb \beta~T} {\sqrt{\hat{\sigma}~2 \pmb a~T (\pmb X~T \pmb
X)™{-1} \pmb a}} \sim t(n-p) $$

$$ \left(\pmb a~T \pmb \beta \pm t_{1-\frac \alpha 2}(n-p) \sqrt{\hat{\sigma}~2 \pmb a~T (\pmb
XAT \pmb X)~{-1} \pmb a}\right) $$

A regresni prfimka pro divky bude mit tvar $$ y = \hat \beta_0 + \hat \beta 1 x $$ Pro chlapce: $$ y
= \hat \beta_0 + \hat \beta_2 + (\hat \beta_1 + \hat \beta_3) x $$ IS pro $\beta_1 + \beta 3%, tedy
$\pmba=1(0,1,0, 1)%

d) Pri pocitdni predikéniho intervalu zohlednujeme chybu u "nového pozorovani". Tedy odhad
rozptylu je $$ \hat{\sigma}~2 \pmb x~T (\pmb X~T \pmb X)"~{-1} \pmb x + \hat \sigma~™2
\implies T = \frac {\pmb x~T \pmb \beta~T} {\sqrt{\hat{\sigma}~2(1 + \pmb x~T (\pmb X~T
\pmb X)~{-1} \pmb Xx)}} \sim t(n-p) $3$

# Confidence interval
predict(..., interval = "confidence")
# Or

predict(..., interval = "prediction")



10. cviceni

$$ \xdef\mcal#1{\mathcal{#1}} \xdef\scal#1#2{\langle #1, #2 \rangle} \xdef\N{\mathbb N}
\xdef\R{\mathbb R} \xdef\Q{\mathbb{Q}} \xdef\Z{\mathbb{Z}} \xdef\D{\mathbb{D}}
\xdef\bm#1{\boldsymbol{#1}} \xdef\vv#1{\mathbf{#1}} \xdef\vvp#1{\pmb{#1}}
\xdef\floor#1{\Ifloor #1 \rfloor} \xdef\ceil#1{\Iceil #1 \rceil} \xdef\grad#1{\mathrm{grad} , #1}
\xdef\ve{\varepsilon} \xdef\im#1{\mathrm{im}(#1)} \xdef\tr#1{\mathrm{tr}(#1)}

\xdef\norm#1 {\left\vert \left\vert #1 \right\vert\right\vert} \xdef\scal#1#2{\langle #1, #2 \rangle}
\xdeflex#1{\mathrm{E} \left( #1\right)} \xdef\exv#1{\mathrm{E}, \vv{#1}}
\xdef\mtrx#1{\begin{pmatrix}#1l\end{pmatrix}} $$

Scheffeho véta $$ P\left([\vv b~ T (A\hat\beta - A \beta)]~2 \leg m F_{1 -\alpha}(m, n - p) \hat
\sigma”~2\vv b~T A (\vv X~T\vv X)"~{-1} A~T \vv b\right) = 1 -\alpha $$ $\forall b \in \R™m$, je-li
matice $A$ typu $m \times p$ pIné hodnosti.

Priklad $$ Y i = \beta 0 + \beta_1 \cdot \text{Height} | + \beta 2 \cdot \text{Sex} i + \beta 3
\cdot (\text{Height} + \text{Sex})_ i + \ve_i, \quad \ve \sim N(O, \sigma~2) $$ a chceme
zkonstruovat 95% PS pro chlapce a divky

1) NapiSeme tvar reg. krivky

e d: $y = \hat \beta_0 + \hat\beta_1 x$
e ch: $y = \hat\beta_0 + \hat\beta_2 + (\hat \beta_1 + \hat \beta_3)x$

2) Zvolime vhodny tvar $\vv b$ a $A$:

o d: $\vv b = \mtrx{1 \ x} \in \R"2$, pak $$ \mtrx{1 & x} \overbrace{\mtrx{1 & 0 & 0 & 0\
0&1&0&O0}}"A\mtrx{\hat \beta_1 \ \hat \beta_2 \ \hat \beta_3 \ \hat \beta 4} $%

e ch: $\vv b = \mtrx{1 \ x}$, pak $$ \mtrx{1 & x} \overbrace{\mtrx{1 &0 & 1 & 0\0 & 1 &
0 & 1}}"~A\mtrx{\hat \beta_1 \ \hat \beta_2 \ \hat \beta_3 \ \hat \beta_4} $$

Nejprve pocitejme pro divky, Oznac¢me $$ \vv b~"T A = \vv X~ T = (1, X, 0, 0) $$ 3) Odvodime tvar
pasu spolehlivosti (PS) $$ P\left([\vv x~T \hat \beta - \underbrace{\vv x~T \beta} {y =\beta 0 +
\beta 1 x}]"~2\leq2 F_ {1 -\alpha}(2, n-4)\sigma~2\vv Xx~T (\vv X*T \vv X)"~{-1} \vv x \right) =
1 -\alpha $$ kde $y$ je ndhodnd promeénnd. Upravujme

$$ P\left(]\vv x~T \hat \beta - y| \leq \sqrt{2 F_{1 -\alpha}(2, n - 4) \sigma”™2 \vv x~T (\vv X~T \vv
X)™{-1} \vv x} \right) = 1 - \alpha $$

e pro $\vv x~T \hat \beta - y > 0% dostavame dolni hranici $$ P\left(y \geq \vv x~T \hat
\beta - \sqrt{2 F_{1 -\alpha}(2, n - 4)\sigma~2 \vv x~T (\vv X*~T\vv X)"~{-1} \vv x}
\right) = 1 - \alpha $$

e nebo pro $\vv x~T \hat \beta - y < 0$ dostdvédme horni hranici $$ P\left(y \leq \vv x~T
\hat \beta + \sqrt{2 F_{1 -\alpha}(2, n-4)\sigma~2 \vv x~T (\vv X*T \vv X)~{-1} \vv x}



\right) = 1 - \alpha $$



